
Chapter 1

Introducing the Neutrino

The neutrino is perhaps the most negligible piece of matter that can be imagined. It is

immune to e�ects of the electromagnetic and strong nuclear forces. Its mass, originally

thought to be zero, is less than one-millionth that of the electron. The only one of the

four fundamental forces that can a�ect it signi�cantly is th e weak nuclear force, the least

powerful of the short-range interactions. When its existence was �rst postulated by Pauli in

1931, it was thought of as a sort of ghost particle whose o�ense against Occam's razor was

deemed only slightly more palatable than the violation of matter conservation that would

otherwise occur in some radioactive decays.

From this inauspicious beginning, the neutrino became one of the most-studied particles of

the last quarter of the twentieth century. At the beginning o f the twenty-�rst, the interest

of the scienti�c community shows no sign of waning. Paradoxically, much of this interest

results from the same reluctance to interact with other matter that made the neutrino so

di�cult to discover in the �rst place. Neutrinos produced at the center of the Earth, the

Sun, or even in supernovae can tell us a lot about conditions in those otherwise inaccessible

places|once we solve the problems of detecting them, that is!

The neutrino is even more fascinating because it is one of the�rst particles directly observed

to contradict the predictions of the highly successful Standard Model of particle physics.

It is not supposed to have a mass, but it does. It is supposed toexist as three separate
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species or \
avors," but these have been seen to convert backand forth between each

other, or \oscillate." Recent (still controversial) exper iments suggest that the neutrino may

be its own antiparticle, violating the law of conservation of lepton number. These and

other properties are the �rst direct observational evidence we have for physics beyond the

Standard Model.

1.1 The Standard Model of particle physics

Before the recent revelations of non-zero neutrino mass and the consequent oscillations, the

neutrino was thought to be well-understood. In the universe of the Standard Model, there

are two fundamental types of fermions, the half-integer spinparticles commonly thought of

as matter (as opposed to bosons, whole-integer spin particles such as photons that mediate

the exchange of forces). The fundamental fermions of the Standard Model are summarized

in Table 1.1, and the force-carrying bosons are listed in Table 1.2.

1.1.1 Quarks

Fermions of one type, quarks, are never observed individually in nature or in any physics

experiment to date since they have a property called \color charge." This charge has nothing

to do with the spectrum of visible light. It is a convenient way of referring to the SU(3)

\color" group embodied by the gluons that mediate quark-quark interactions in a way called

the strong nuclear force.

The Standard Model requires that observable particles be colorless, because the potential

energy between two particles with color charge is roughly a linearly increasing function

of the distance between them. This property is called quark con�nement. There are two

ways of enforcing colorlessness. A combination of three quarks (qqq), each having one of

the three di�erent color charges, is colorless. As a pun on optics, the three color charges
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Quarks Leptons
Family Particle Charge [e] Mass [MeV] Particle Charge [e] Mass [MeV]

u + 2=3 � 3 � e 0 < 3 � 10� 6
1

d � 1=3 � 6 e� � 1 0.5
c + 2=3 � 1250 � � 0 < 0:2

2
s � 1=3 � 100 � � � 1 105.7
t + 2=3 1:73� 105 � � 0 < 18:2

3
b � 1=3 � 4250 � � � 1 1777.0

Table 1.1: The twelve fundamental fermions of the Standard Model. (Their antiparticles
are not shown.) Each has a spin of1=2 in units of �h. Since the quarks are bound by
color con�nement, estimates of their masses are uncertain,especially for the lightest two.
Estimates of the neutrino mass upper limits are actually for e�ective masses for the weak
eigenstates, or equivalently, weighted averages over the mass eigenstates. Masses are taken
from reference [1], except for thet mass [2].

Interaction Particle Symbol Charge [e] Spin [�h] Mass [MeV]
Electromagnetic Photon 
 0 1 0

W bosons W � � 1 1 8:04� 104
Weak

�

Z boson Z 0 0 1 9:12� 104

Strong Gluon (8 types) g 0 1 0
Gravitational Graviton 0 2 0
- Higgs boson H 0 0 0 > 1:14� 105

Table 1.2: The three fundamental interactions of the Standard Model, and their associated
carrier bosons. Gravity is also listed, for completeness, although it is not in the scope of the
Standard Model and gravitons have never been observed. The predicted scalar Higgs boson,
not associated with an interaction, is listed as well. Masses are taken from reference [1].
The listed values of 0 are theoretical, although there are very strong upper limits for the
photon (< 6� 10� 17 eV) and graviton (< 7� 10� 32 eV) based on astronomical observations.
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are traditionally called red, green and blue. This arrangement forms a baryon, such as the

familiar proton or neutron. Alternatively, a quark may pair with an antiquark having a

complementary anti-color (red and anti-red, for instance). This arrangement (q�q) is called

a meson. The exchange of� -mesons, or pions, between protons and neutrons in an atomic

nucleus is one way in which they are held together against electromagnetic repulsion. Mesons

and baryons are generically called hadrons.

Irrespective of their color charges, quarks come in six known types or \
avors," divided into

three families: (u; d), (c; s), ( t; b). Gluons can a�ect only color charges, not transform quarks

between 
avors. Each family consists of one quark with an electric charge of + 2=3 (in units

of e) and one with a charge of� 1=3. The corresponding antiquarks have opposite charges. It

can easily be seen that quarks can only combine in a way that produces an integer electric

charge. For instance, the neutron (charge 0) comprises twod quarks (� 1=3 � 2) and a u

quark (+ 2=3), udd; the proton (charge +1) is uud. The � + is made up ofu �d. Gluons have

no electric charge.

As well as the strong nuclear force and electromagnetism, quarks are also susceptible to the

weak nuclear force. The interaction of the charged weak force carriers, the W � particles,

with quarks may cause them to change 
avor. For instance, onepossible Feynman diagram

vertex of the weak interaction is u + W � ! d. One might expect that the 
avor change

would only occur within the same family (d $ u, s $ c, b $ t). Curiously, however, the

weak eigenstates of quarks are not precisely identical to their 
avor eigenstates. The trans-

formation between the two sets of eigenstates is the Cabibbo-Kobayashi-Maskawa (CKM)

matrix:
0
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(1.1)

Primed states represent the weak eigenstates. The constraint of unitarity and the fact

that complex phases can be absorbed into each eigenstate mean that there are really only

four independent real parameters. Three are \mixing angles" � us, etc., and the fourth
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is a complex phase� that implies the existence of CP-violating phenomena. The CKM

matrix is approximated by the identity matrix, with the larg est o�-diagonal terms being

Vus � Vcd � 0:22.

In short, the existence of a non-trivial CKM matrix means that the Feynman diagram vertex

c+ W � ! d is possible. (Properly speaking this is really an interaction c+ W � ! s0, with

subsequent observation of the 
avor ofjs0i yielding the 
avor eigenstate jdi with probability

jVcdj2.) As a direct result of such 
avor-changing weak decays, particles containing the

heavier quarks of the second and third families decay into those made only of the lighter

u and d quarks. Hence in the universe at large, almost all the hadrons observed consist of

combinations of u and d quarks and antiquarks, the members of the �rst quark family.

1.1.2 Leptons

Leptons, like quarks, are a fundamental type of fermion. Theprimary di�erence is that all

leptons are colorless and una�ected by the strong nuclear force. As with quarks, there are

also three families of leptons. Each family includes one particle with electric charge � 1 and

one particle with no charge. The charged leptons are named the electron, muon and tau

(e� , � � and � � ), while the uncharged leptons are collectively called neutrinos. When it is

necessary to distinguish between them, they are referred toas the electron neutrino, and so

on (symbolized as the letter� with the appropriate subscript). Writing the lepton famili es

as pairs gives a familiar format (� e; e� ), ( � � ; � � ), ( � � ; � � ) similar to the quark families.

This is no accident; each pair of particles is a weak isospin doublet. (Technically, this is

only true for left-handed particles, as described in the nextsection.)

Like quarks, the leptons may be transformed into one anothervia the weak interaction.

For instance, � � + W + ! � � . In fact (there being no free W � particles, and none of

the leptons having a mass as large as theW ) two such vertices of the weak force must be

combined to yield a real-world decay or interaction,e. g., � � ! e� + � � + �� e. If the classic
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Standard Model held, neutrinos would have no mass. There would be only one possible

measurement to perform on a neutrino that could distinguishbetween 
avors: determining

with which type of charged lepton it would interact. 1 In the classic SM, therefore, only the

weak eigenstates of the neutrino are relevant, and there is no lepton equivalent of the CKM

matrix.

1.2 Neutrino mass and oscillations

Until the last decade or so, it was believed that the masses ofthe neutrinos were exactly

zero. The standard Hamiltonians for each 
avor in a vacuum were therefore identical.

As a result, a quantum state j� i consisting of a superpositionce j� ei + c� j� � i + c� j� � i of

neutrino 
avors would evolve over time in such a way as to preserve the amplitudes of the

coe�cients ce;�;� ; the only change in the state would be in the overall complex phase of

the wave function. In particular, for a neutrino created in a weak eigenstate|one of the

coe�cients set to one and the others to zero, as should be the case with any standard weak

interaction|the state would remain in that eigenstate fore ver. Therefore the individual

lepton numbers L e; L � ; L � would be individually conserved.

If neutrinos have mass, contrary to the original formulation of the Standard Model, and if the

mass eigenstates di�er from the weak eigenstates, the situation changes. There exists a 3� 3

matrix, which has been named the Maki-Nakagawa-Sakata (MNS) matrix, that describes

the mixing between the mass eigenstatesj� i i (i = 1 ; 2; 3) and the weak eigenstatesj� � i

(� = e; �; � ):

0

B
B
B
@
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1

C
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(1.2)

1Given a large number of neutrinos of the same 
avor, one could also identi fy them in bulk by measuring
their cross section for scattering on speci�c particles.



Chapter 1. Introducing the Neutrino 17

The neutrino mixing matrix is usually parametrized by the angles� 12, � 13, and � 23 and the

phase� . One common parametrization is given by [1]

UMNS =

0

B
B
B
@

1 0 0

0 c23 s23

0 � s23 c23

1
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A

0
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1
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0
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� s12 c12 0

0 0 1

1

C
C
C
A

=
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@

c12c13 s12c13 s13e� i�

� s12c23 � c12s23s13ei� c12c23 � s12s23s13ei� s23c13

s12s23 � c12c23s13ei� � c12s23 � s12c23s13ei� c23c13

1

C
C
C
A

; (1.3)

with cij de�ned as cos� ij , and sij � sin � ij . If non-zero, the phase� would cause CP-

violating physical e�ects. However, these have not yet beenexperimentally observed. All

terms containing the CP-violating factors e� i� are proportional to the sine of � 13, which is

known experimentally to be small.

At �rst it may appear that the CKM and MNS matrices produce di� erent e�ects. The

CKM matrix results in the mixing of well-de�ned quark 
avors d uring weak interactions,

while the MNS matrix (as we will discuss momentarily) results in the mixing of well-de�ned

neutrino 
avors into di�erent masses. This apparent di�ere nce is an illusion caused by

psychology. We principally think about quarks in terms of the 
avors that de�ne hadron

compositions; these are also mass eigenstates. The weak mixing that occurs via the CKM

matrix is usually thought of as a secondary e�ect. On the other hand, the primary de�nition

of neutrino 
avors has always been in terms of the weak interaction, the only interaction

that a�ects neutrinos: a neutrino that interacts with an ele ctron to give a muon was by

de�nition a � -neutrino. In this case, the oscillation is thought of as the secondary e�ect|

after all, we have no direct way yet to observe the neutrino mass eigenstates. But in

both Equations (1.1) and (1.2), the vector on the left consists of the mass eigenstates, and

is converted by the appropriate matrix to the vector on the right consisting of the weak

eigenstates. Both mixings result from the non-correspondence between mass eigenstates

(which in the case of quarks we think of as 
avors) and weak eigenstates.
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1.2.1 Neutrino oscillations in vacuum

Since a neutrino in a weak eigenstate (speci�c 
avor) is a superposition of di�erent mass

eigenstates, as it travels through a vacuum (or any suitablydi�use material) the coe�cients

of the weak eigenstates will evolve. The wave function of theneutrino at any time after its

formation may be described by expansion in terms of energy eigenstates:

j� (x ; t)i =
Z

dE g(E) e� iEt= �h
X

i

ci ei p i �x =�h j� i i : (1.4)

The function g(E) is arbitrary, and each energy eigenstate has three terms: one for each

mass eigenstatej� i i . The source of neutrinos is the origin of the coordinate system, where

we suppose they are created in weak eigenstatej� � i . This boundary condition gives the

requirement ci � U�i .

At a neutrino detector a distance L from the source, the imaginary phase of the component

j� i i with energy E is given by � i (L x̂ ; t; E ) = ( pi L � Et )=�h. The energy eigenstates (except

for those with very small values of E , which are present in negligible quantities) are all

relativistic. Hence pi �
q

E 2=c2 � m2
i c2 is closely approximated by the �rst-order Taylor

expansionpi � E=c � m2
i c4=2cE. The overall phase ofj� i i at a given energy becomes

� i (L x̂ ; t; E ) =
E
�h

�
L
c

� t
�

�
Lm 2

i c3

2E�h
+ O

" �
mi c2

E

� 4
#

: (1.5)

Notice that the �rst term is the same for all three mass eigenstate components. The

expansion of the observed neutrinos in terms of the 
avor eigenstates is then

j� (L x̂ ; t)i �
X

i;�

U�i Uy
i�

Z
dE g(E) e� i (L=c� t )E=�h e� iLm 2

i c3=2E �h j� � i : (1.6)

For a monoenergetic neutrino beam, therefore, the probability of observing a 
avor j� � i

given that the beam originated asj� � i is

P(� � ! � � jE ) �

�
�
�
�
�

X

i

U�i Uy
i� e� iLm 2

i c3=2E �h

�
�
�
�
�

2

: (1.7)
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The fact that a neutrino may be observed in a 
avor di�erent fr om its original state is

commonly called neutrino oscillation. This terminology is a bit misleading since a neutrino

is hardly ever 100% in a speci�c 
avor; it is actually the prob abilities of observing it to

be in a speci�c 
avor eigenstate that oscillate. It should also be noted that expanding the

initial neutrino source in terms of eigenstates of momentumrather than energy will lead to

the same result. This is because the two formulations are completely equivalent, as detailed

in, for instance, reference [3].

Electron neutrino oscillation

Plugging the values of Ue1; Ue2; Ue3 into the equation above and making the additional

assumption � 13 � 0 results in �nding the survival probability of an electron n eutrino of

energy E to be

P(� e ! � ejE ) � 1 � sin2 2� 12 sin2
�

(m2
2 � m2

1)Lc3

4E�h

�
: (1.8)

The argument of the second sine function is often seen in the literature in the convenient

form 1:27� m2
12L=E , where � m2

ij � m2
j � m2

i is in eV2=c4, L is in meters, andE is in MeV.

Put another way, the characteristic oscillation wavelength of an electron neutrino of energy

E is

� (E ) =
4�E �h

� m2
12c3 �

2:47E=MeV
� m2

12c4=eV2 meters: (1.9)

The value sin2 2� 12 has been determined, through numerous experiments (Figure1.1), to

be 0:86 � 0:04. (More usually it is cited in terms of tan2 � 12, given in reference [4] as

0:45� 0:05.) These parameters for historical reasons are named the Large Mixing Angle, or

LMA, solution. Other proposed values for these parameters,which were ruled out by recent

observational data from the SNO and KamLAND experiments, were the Small Mixing

Angle (SMA) and vacuum oscillation (VAC) solutions. With th e LMA parameters, the

maximum probability to observe an electron neutrino is one,and the minimum probability

is cos2 2� 12 � 0:14. This is quite a variation!



Chapter 1. Introducing the Neutrino 20

Figure 1.1: Global �t of the parameters tan2 � 12 and � m2
12 for electron neutrino oscilla-

tion. Both solar neutrino experiments and experiments with reactor antineutrinos have
contributed to the current small region in parameter space.Figure taken from reference [4].

Suppose a neutrino source is not pointlike, but instead has aradius R near or greater than

the oscillation wavelength � for a particular neutrino energy E. A detector situated at a

slightly variable distance L � 1=2 �L from the source, whereL � �L � R, will not be able

to discern individual peaks and troughs in the electron neutrino survival probability. The

peaks and troughs generated by each point within the source cancel out, leaving only the

average probability for electron neutrino survival, hP(� e ! � e)i = 1 � 1=2 sin2 2� 12 � 0:57.

Thus the neutrino energies for which peaks and troughs due tovacuum oscillations may be

observed fall in the range given by (approximately)R < � (E ) < �L :

0:4� m2
12R

eV2 m
MeV < E <

0:4� m2
12 �L

eV2 m
MeV: (1.10)

To take a speci�c example, the core of the Sun where neutrinosare produced has a radius of

R � 0:2R� = 1 :4� 105 km [5]; refer to Figure 1.5. The di�erence between the Earth's annual

minimum and maximum distances from the Sun is�L � 5 � 106 km. Given the value for
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� m2
12 = (8 :0� 0:3) � 10� 5 eV2=c4 [4], the energy domain where vacuum oscillations of solar

neutrinos might be directly observed on Earth is between 4.5and 160 GeV. No neutrinos

of such high energies are produced in the Sun; vacuum oscillation wavelengths for typical

solar neutrinos are 27 km for an 862-keV electron neutrino, and 310 km for a 10-MeV � e.

Hence we expect to detect solar electron neutrinos with constant probability � 57%. This

expectation will be altered by mass interaction e�ects; seeSection 1.2.2.

This analysis has not yet answered the question: if a neutrino that originally had � e 
avor

is not detected as a� e, what is it detected as? For solar neutrinos, the question ismoot.

The species� � and � � interact with \ordinary" matter with the same cross section s. Solar

neutrinos carry far less energy than necessary to interact with electrons to produce muons

(m� c2 = 106 MeV) or tau particles ( m� c2 = 1 :8 GeV). For all practical purposes, � � and � �

in this energy domain are experimentally indistinguishable.

Muon neutrino oscillation

Consider now the case of� -neutrinos. They will oscillate to electron neutrinos with t he

probability (using the same units as previously)

P(� � ! � ejE ) � cos2 � 23 sin2 2� 12 sin2
�

1:27� m2
12L

E

�
; (1.11)

again under the assumption� 13 � 0. In this limit, P( � � ! � ejE ) = P( � e ! � � jE ) as well.

� -neutrinos are produced continually in the Earth's upper atmosphere as cosmic rays inter-

act and decay in it. Typical energies for the resulting neutrinos range from 0.1{1000 GeV.

The rough height at which the majority originate is h � 15 km, so a detector capable of

observing� -neutrinos will see them travel distances between 15 km and 2R� = 1 :3� 104 km,

depending on whether they are created overhead or on the other side of the planet. Suppose

we select only those neutrinos withE > 10 GeV. In this case, values of the argument of the

second sine function in Equation (1.11) are no greater than 0.13. Regardless of the value

of � 23, at most 1% of these high-energy� -neutrinos will be detected as electron neutrinos,
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Parameter Value Units Useful oscillations (Anti-)neutrino sources
� m2

12 (8:0 � 0:3) � 10� 5 eV2=c4 � e ! � �;� Sun
sin2 2� 12 0:86� 0:04 - �� e ! �� �;� Reactors, geo-��
j� m2

23j (2:5 � 0:3) � 10� 3 eV2=c4 � � ! � � � � reacting with
sin2 2� 23 1:02� 0:04 - �� � ! �� � upper atmosphere
sin2 2� 13 < 0:12 (99% CL) - �� e ! �� e Reactors

Table 1.3: Known parameters of neutrino oscillations. � m2
13 is not listed; it is determined

completely by the requirement � m2
13 = � m2

12+� m2
23. The main questions are: what is the

actual value of � 13? What is the sign of � m2
23? What are the actual values ofm1; m2; m3?

Listed values taken from reference [4].

and the converse is also true. For high-energy neutrinos overbaselines of planetary scale

or less, little � e $ � � oscillation will be seen. (Indeed, very little oscillation of high-energy

atmospheric � e's should be observed at all.)

On the other hand, consider the probability of � -neutrino survival. If we now approximate

� m2
12L=E � 0 as well, this is given by

P(� � ! � � jL=E < 1:5 km=GeV) � 1 � sin2 2� 23 sin2
�

1:27� m2
23L

E

�
: (1.12)

This is precisely the form of Equation (1.8), with \12" repla ced uniformly by \23." Since

few high-energy� -neutrinos are detected as electron neutrinos, the balance must become

� -neutrinos:

P(� � ! � � jL=E < 1:5 km=GeV) � sin2 2� 23 sin2
�

1:27� m2
23L

E

�
: (1.13)

Indeed, in most regimes neutrino oscillation can be approximated as occurring in a quasi-

two-neutrino system. For solar neutrinos, that system consists of (� e; � (� � + � � )=
p

2); for

high-energy atmospheric neutrinos, (� � ; � � ).

In principle, it is possible to assume that � m2
23 is similar to or smaller than � m2

12. In

this case, the � -neutrino survival probability at high energies would always be roughly

one. However, this is not what is observed. The large phase space in L and E available to

detectors of atmospheric neutrinos has made it possible to determine the values of � m2
23 and
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� 23 experimentally. As a simple example, if we assumeR� � � � h, upgoing � -neutrinos

(coming from the other side of the Earth) survive with probability 1 � 1=2 sin2 2� 23, while

downgoing � -neutrinos have undergone essentially no 
avor conversion;that is, sin2 2� 23 �

2(1 � N " =N#). The actual best-�t results for the parameters are given in Table 1.3. With

� 23 � 45� , this incidentally answers the question above about solar electron neutrinos: the

ratio that oscillate into � -neutrinos versus� -neutrinos is essentially 1:1.

1.2.2 The Mikheyev-Smirnov-Wolfenstein e�ect in matter

The above discussion of oscillations is valid only for neutrinos passing through a vacuum,

or at least a region with a relatively low number density of electrons. As they travel,

neutrinos will interact to some extent to the surrounding matter. Virtually all normal matter

exists in the �rst family of fundamental particles, so electron neutrinos are more likely to

interact with it than � - and � -neutrinos. This fact causes two e�ects: �rst, in very dense

material, neutrinos are slowed down by interactions; second, and more importantly, � e's

are slowed down more than� �;� 's. The di�erence in velocities causes di�erent components

to become out of phase, and as we saw above, that inevitably leads to 
avor oscillation.

This type of oscillation is termed the Mikheyev-Smirnov-Wolfenstein (MSW) e�ect after its

discoverers [6, 7].

When an electron neutrino is created in the core of the Sun, suppose that it has de�nite

momentum (not energy) p. To �rst order, its vacuum Hamiltonian H0 in the mass eigenstate

basis is a diagonal matrix, with eigenvalues
q

p2c2 + m2
i c4 � cp + m2

i c3=2p. However,

there are now two additional terms to the Hamiltonian; one to describe neutral-current

interactions with matter, and one to describe charged-current interactions.

In the 
avor basis, where the charged-current term discriminates for electron neutrinos and

the neutral-current term acts equitably, the Hamiltonian is given by
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H = UMNS H0Uy
MNS + kNC I + kCC

0

B
B
B
@

1 0 0

0 0 0

0 0 0

1

C
C
C
A

(1.14)

(note the basis transformation of H0 with UMNS ), where kNC and kCC are the respective

interaction energies for neutral-current and charged-current interactions for neutrinos trav-

eling through matter. The three 
avors of neutrino interact with matter via neutral currents

equally| I above is the 3� 3 identity matrix|but only the electron neutrino interacts with

normal matter through charged currents. The interaction coe�cient in the charged-current

case is actuallyGF ne
p

2, wherene is the number density of electrons in a material andGF

is the Fermi constant, but we will continue to label it simply kCC for notational convenience.

If we now transform back to the basis of the mass eigenstates in vacuum, then under the

assumption of vanishing� 13, we have

H =
�

kNC + cp+
m2

1c3

2p

�
I +

0

B
B
B
@

kCCc2
12 kCCc12s12 0

kCCc12s12 kCCs2
12 + � m2

12 c3

2p 0

0 0 � m2
13 c3

2p

1

C
C
C
A

: (1.15)

Note that j� 3i is still an eigenstate of the Hamiltonian in matter! Due to th e smallness

of � 13, there will still be essentially no mixing of electron neutrinos into that state. The

situation is a two-neutrino problem.

Let us therefore focus only on the upper-left 2� 2 block of the matrix. We subtract

kCC sin2 � 12 from the matrix main diagonal and compensate by adding it back to the term

multiplying the identity matrix. Then (by using the trigono metric double-angle identities)

this block may be further simpli�ed as

�
kNC + kCC sin2 � 12 + cp+

m2
1c3

2p

�
I +

0

@
kCC cos 2� 12

1=2 kCC sin 2� 12

1=2 kCC sin 2� 12
� m2

12 c3

2p

1

A : (1.16)

The eigenvalues of this matrix, ignoring the part proportional to I and dropping the \CC"

su�x, are
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" � =
� m2

12c3

4p
+

k
2

cos 2� 12 � 1=2

s �
� m2

12c3

2p
sin 2� 12

� 2

+
�

� m2
12c3

2p
cos 2� 12 � k

� 2

; (1.17)

and the di�erence between them is

� " =

s �
� m2

12c3

2p
sin 2� 12

� 2

+
�

� m2
12c3

2p
cos 2� 12 � k

� 2

: (1.18)

Compare this with the di�erence between energy eigenstatesin a vacuum, which is (� " )0 =

� m2
12c3=2p. In the limit kp � � m2

12c3, it is clear that � " ! (� " )0.

Suppose that the normalized eigenvectors of Equation (1.16) are
� a1

b1

�
and

� a2
b2

�
. We may

use them to construct the unitary matrix Um �
� a1 a2

b1 b2

�
. SinceUm is real and unitary, it

must satisfy a1 = b2 = cos � 0, a2 = � b1 = sin � 0 for some real angle� 0. Hence tan� 0 equals

a2=b2 = � b1=a1. We now have

Um

0

@
j� m

1 i

j� m
2 i

1

A =

0

@
j� 1i

j� 2i

1

A ; (1.19)

where
�
�� m

1;2

�
are the neutrino energy eigenstates in matter|not the same as the mass eigen-

states in vacuum. (However,j� 3i = j� m
3 i .) This gives us, still in the approximation � 13 � 0,

0

B
B
B
@

j� ei

j� � i

j� � i

1

C
C
C
A

= UMNS

0

B
B
B
@

j� 1i

j� 2i

j� 3i

1

C
C
C
A

= UMNS

0

@
Um 0

0 1

1

A

0

B
B
B
@

j� m
1 i

j� m
2 i

j� 3i

1

C
C
C
A

: (1.20)

We therefore de�ne Um
MNS � UMNS diag(Um ; 1) to be the neutrino mixing matrix in matter.

For electron neutrinos, it has the entries

Um
e1 = c12 cos� 0� s12 sin � 0 = cos(� 12 + � 0)

Um
e2 = s12 sin � 0+ c12 cos� 0 = sin( � 12 + � 0)

Um
e3 � 0:
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Figure 1.2: Dependence of the mixing parameter in matter,R � sin2 2� m , on the product
2kE in units of � m2

12c4. R is shown on the vertical scale, and the ratio (labeledx) on
the horizontal. Values of x < 0 refer to antineutrinos.Two curves are shown: the red one
(peaking farther to the left) uses sin2 2� = 0 :825 (near the currently accepted value for
� 12), and the green (narrower) curve has sin2 2� = 0 :08 (about the upper limit on the � 13

parameter). The mixing in vacuum is given by the point where each curve intersects the
y-axis. Figure taken from reference [8].

Through exactly the same argument leading to Equation (1.8), we obtain the equivalent of

that equation, making the replacements

� m2
12c4=2E ! � "

� 12 ! � m � � 0+ � 12

(we have also approximatedp by E=c). That is,

P(� e ! � ejE ) = 1 � sin2 2� m sin2
�

L � "
2�hc

�
: (1.21)

By explicitly �nding the eigenvectors of Um , we can obtain values for tan� 0as de�ned above;

these may be substituted into the trigonometric identity

sin 2� m = sin(2 � 12 + 2 � 0) �
(1 � tan2 � 0) sin 2� 12 + 2 tan � 0cos 2� 12

1 + tan 2 � 0 (1.22)
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to obtain, �nally, the result

sin2 2� m =
sin2 2� 12

sin2 2� 12 +
�

cos 2� 12 � 2kE
� m2

12 c4

� 2 : (1.23)

Therefore, when k = kr � cos 2� 12 � m2
12c4=2E, Equation (1.21) reduces to the simple

formula P = 1 � sin2(L � "=2�hc). In this condition we have resonance (Figure 1.2): it is

possible for electron neutrinos in matter to becompletely convertedto a di�erent 
avor. At

the resonant point, � " = (� m2
12c4=2E) sin 2� 12. This allows us to calculate the resonant

wavelength,

� r (E ) = � (E ) csc 2� 12 � 1:08� (E ); (1.24)

with � (E ), the vacuum oscillation length, given by Equation (1.9). This value � r (E ) is

the greatest possible matter oscillation wavelength for a given neutrino energy E. When k

is much less than its value at resonance, sin 2� m � sin 2� 12, and the oscillations approach

their behavior in vacuum. When k � kr , sin 2� m � (kr =k) tan 2� 12: oscillations are strongly

suppressed, as the electron neutrino is nearly an eigenstate of the matter Hamiltonian. In

particular, it is approximated by the higher-energy state j� m
2 i , since with k > 0, the charged-

current interaction term raises the energy of the electron neutrino 
avor. In this limit, the

oscillation wavelength goes to� � 2� �hc=k and may become very short.

An electron neutrino created in a region wherek � kr will always behave nearly as if it is

in vacuum, and will oscillate accordingly; matter e�ects may be neglected. On the other

hand, if it is created where k > k r , the situation is more complicated. A proper discussion

may be found in, for instance, reference [9]. Brie
y, at the point of creation, j� ei � j � m
2 i . As

the density (and therefore the value ofk) changes, the matter eigenstates evolve slightly as

a function of k. However, the neutrino will remain mostly in the j� m
2 i eigenstate as long as

the change is gradual (adiabatic); the energies of the two matter eigenstates never cross, but

are continuous functions through the point at which k = 0, where they transition smoothly

into the corresponding vacuum mass states. The neutrino thus remains in the state j� 2i

until reaching a detector, at which point it is seen as an electron neutrino with probability

jUe2j2 = sin 2 � 12 � 31%.
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As the neutrino energy E increases,kr (E ) becomes smaller. We now ask for the minimum

neutrino energy Er required such that the maximum value of k attained in the Sun is

� kr (E ). For neutrinos with lower energies than Er , k in the Sun is never su�ciently

high, and vacuum oscillations dominate. On the other hand, neutrinos with much higher

energies behave as described in the previous paragraph. In the limit of low E, the survival

probability observed at Earth will be 1 � 1=2 sin2 2� 12 � 0:57, as discussed in the section

above. In the limit of high E (but not so high that � (E ) is on the same order asR� !) it

will be simply sin2 � 12 � 0:31. (More detailed calculations with three neutrinos reveal that

the measured values 0.57 and 0.31 are actually the products of the explicit functions of � 12

with cos4 � 13, but we will continue to ignore this factor.)

The core density of the Sun is about 150 g/cm3, and the helium mass fraction at the core

is about 63% [5]. The resonant electron density is

ne =
cos 2� 12� m2

12c4

2
p

2GF E
: (1.25)

In terms of matter density, ne = hZ=Ai �=m p, with mp being the proton mass andhZ=Ai the

average ratio of atomic number to atomic mass in the Sun's core, roughly 0.7. Therefore

the critical energy is

Er =
cos 2� 12� m2

12c4mp

2
p

2GF hZ=Ai �
� 1:9 MeV: (1.26)

The behavior change that occurs near this energy is known as the vacuum-matter transition

(Figure 1.3). The transition will have a slightly di�erent b ehavior for neutrinos produced in

each reaction described in Section 1.3, due to their di�ering probabilities of being created

at di�erent positions in the Sun's core (Figure 1.5). The observation of solar neutrinos

at varying energies to measure this transition has not yet occurred. All currently running

solar neutrino experiments either are only able to observe those with energies above a few

MeV, or else are radiochemical experiments (such as Homestake and GALLEX) that do

not measure neutrino energies, but only count the number detected above a particular

threshold. Observations of a substantially di�erent shape of curve would be challenging to

existing theories of neutrino oscillation.
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Figure 1.3: The vacuum-matter transition for solar neutrinos: averaged survival probability
for electron neutrinos as a function of neutrino energy. Theexpected value of the transition
energy is� 2 MeV. The higher-energy data point comes from SNO data, and the lower one
from various gallium-based radiochemical experiments. This plot is only an approximation;
in reality, the curve is di�erent for neutrinos created in each type of reaction, since they are
created with di�erent radial distributions in the Sun's cor e (see Figure 1.5). Figure taken
from reference [4].

In passing, we mention that the observed high-energy atmospheric neutrinos, which oscillate

only between� � and � � 
avors, must consist almost entirely of the � 3 mass eigenstate. This

eigenstate remains essentially unchanged between the matter and vacuum mass bases. As

a result, this sample of neutrinos should be very little a�ected by passage through matter

of any density.

It is also worth noting that the product � hZ=Ai at the center of the Earth is less than that

in the Sun's core by about an order of magnitude. Hence we do not expect to observe a

\day-night asymmetry," caused by matter oscillations as solar neutrinos travel through the

Earth to reach us at night, for any solar neutrinos except possibly those of greatest energy.



Chapter 1. Introducing the Neutrino 30

The � e spectrum end point of the Sun (excluding the rarehep neutrinos) is 14 MeV, rather

less than what should be the transition energy for neutrinospassing through the Earth's

core. Therefore the detection of a solar neutrino day-night e�ect would also be potential

evidence for new physics.

1.3 Solar neutrinos

By far the largest source of neutrinos that can be detected onEarth with E � 1 GeV is our

Sun. The nuclear fusion reactions that power its core convert four hydrogen nuclei (protons)

to one 4He nucleus; in the process, neutrinos are produced. Two maincycles implement this

transformation. The pp cycle, believed to be dominant, consists largely of simply putting

protons together until a helium nucleus is formed. The CNO cycle, on the other hand, uses

nuclei of heavier elements (carbon, nitrogen, and oxygen|hence the name) as catalysts.

The Sun is a complex object. The rates of the individual fusion processes at its core are

determined by many variables, including (as functions of radius) temperature, pressure,

density, opacity, convection, and concentrations of di�erent elements. These may be simu-

lated by a complex set of di�erential equations describing energy transport and hydrostatic

equilibrium. Essentially the only way to solve the system isnumerically. Computer models

of the Sun are divided into radial shells, assuming constantvalues of the variables within

each shell and patching the solutions together at the interfaces. The models are required

to be approximately static since the Sun is observed to be stable. Outward pressure must

balance inward gravitational forces; the observed amount of radiation must be balanced by

the total energy produced in nuclear reactions.

The currently recognized best model of this sort is the Standard Solar Model (SSM). The

latest version of the SSM was until recently the one denoted BS05(OP) [10]. However, a

more recent paper describes the unorthodox method of simulating 104 slightly di�erent solar

models in which the input parameters were varied according to Monte Carlo estimates of
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statistical error distributions. The average output over all models is termed the BSB(GS98)

model [5]. (The \GS98" refers to the assumed solar elementalabundances given in 1998

by Grevesse and Sauval [11]. More recent abundances were taken into account in [5] in the

BSB(AGS05) model, but doing so yielded results that were incompatible with helioseismo-

logical data to > 3� . Until this discrepancy can be explained, the BSB(GS98) model is to

be preferred.)

1.3.1 The pp cycle

In stars with roughly the mass of the Sun or less, thepp cycle is dominant. Its overall input

and output may be summarized as follows:

4p ! 4He + 2e+ + 2 � e + 26:7 MeV: (1.27)

Already we are provided with information, the \luminosity c onstraint," about the total

neutrino 
ux that should reach us from the Sun. That is, if the energy released from the

Sun in neutrinos is small relative to that released in photons, we have

� � �
2 � e's

26:7 MeV
L �

4�a 2 ; (1.28)

L � being the solar luminosity (energy produced per unit time) and a being the average

Earth-Sun distance. This calculation yields � � � 6:6 � 1010 cm� 2s� 1.

To begin the pp cycle, two protons interact, combining to form a deuteron:

p + p ! 2H + e+ + � e (1.29)

As one of the protons must be converted to a neutron in the process, the reaction is governed

by the weak interaction. It is therefore one of the slowest steps in the chain. It also produces

a neutrino, the so-called \pp neutrino." The pp � energy is a continuous spectrum with an

end point at 420 keV.
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Figure 1.4: Predicted spectra of solar neutrinos at Earth, based on the BS05(OP) solar
model; �gure taken from reference [10].

Source E � Emax Flux Error
[MeV] [MeV] [cm� 2s� 1] [%]

pp � 0.42 0.26 5:99� 1010 0.9
pep 1.44 1.22 1:42� 108 1.5
hep � 18.8 18.5 7:93� 103 15.5
7Be 0.862 0.667 4:34� 109 10.5
" 0.384 0.231 5:03� 108 10.5
8B � 14.06 13.81 5:69� 106 +17 :3

� 14:7
13N � 1.20 0.99 3:05� 108 +36 :6

� 26:8
15O � 1.73 1.51 2:31� 108 +37 :4

� 27:2
17F � 1.74 1.52 5:83� 106 +72 :4

� 42:0

Table 1.4: Tabulated predictions from the BSB(GS98) solar model [5] for solar neutrino

uxes at Earth. The Emax column gives the maximum electron recoil energy that can be
observed in�e scattering (see Section 2.3).
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Figure 1.5: Radial distributions of the probabilities that a neutrino from a particular re-
action of the pp cycle will be created at a given distance from the center of the Sun. For
ease of comparison, the distributions are displayed normalized such that the integral over
each yields one. The dotted line represents the radial distribution for production of solar
luminosity. (All curves go to zero at the center of the Sun because of the geometric e�ect
in spherical coordinates. To get the neutrino creation probabilities per unit volume, which
are maximal at R = 0, one would need to divide out a factor of 4�R 2.) Figure taken from
reference [5].

This reaction may be slightly modi�ed by having an electron as input rather than a positron

as output. Since there are three reactant particles, the occurrence is unlikely. The three-

body pep reaction

p + p + e� ! 2H + � e (1.30)

is disfavored compared to thepp reaction by a factor of about 400. In this reaction there

are only two products, so the energy of the resultingpepneutrino is completely determined

(E � = 1 :44 MeV).

However it was formed, the deuteron quickly captures another proton, forming 3He:

2H + p ! 3He + 
 (1.31)
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The reaction is fast, as no 
avor changes are involved. As a result, the concentration of

deuterium in the Sun is never high; this prevents reactions such as 2H + 2H ! 4He from

being signi�cant.

Since the most common species in the core of the Sun arep, 3He, and 4He, the next reaction

to occur will most probably be one of the following:

3He + p ! 4He + e+ + � e (1.32)

3He + 3He ! 4He + 2p (1.33)

3He + 4He ! 7Be + 
 (1.34)

The �rst of these is weak, while the other two that compete with it are not. It is therefore

strongly disfavored. Still, it produces a particle, the rare hep neutrino, which could con-

ceivably be observed by Earth-based detectors. Thehep neutrino spectrum end point is at

18.8 MeV, higher than any other solar neutrino.

In the second case, the cycle is �nished. Of six initial protons, four were converted to a

helium nucleus and two are left over to participate in other reactions. This is the primary

branch of the pp cycle. However, the resulting nucleus may still interact with 3He to produce

7Be. When it does, there are two possible fates for the new7Be nucleus. It may capture an

electron, followed by proton capture on7Li generating two helium nuclei:

7Be + e� ! 7Li + � e (1.35)

7Li + p ! 4He + 4He (1.36)

In this case the monoenergetic (E � = 862 keV) 7Be neutrino is produced. In fact there are

actually two possible energies, since the7Li daughter may be produced in an excited state

with Q = 478 keV. The branching ratio to the excited state, resulting in a lower-energy

384-keV neutrino, is only 10.4%, however.
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Or, it may capture a proton, after which 8B and 8Be consecutively decay:

7Be + p ! 8B + 
 (1.37)

8B ! 8Be + e+ + � e (1.38)

8Be ! 4He + 4He (1.39)

These8B neutrinos are the primary variety that have been detected by most solar neutrino

experiments to date. Though they are produced in relative numbers much less than most

other solar neutrino types, they have a high energy spectrumend point (14.1 MeV). Most

radioactive background in a neutrino detector (the uranium and thorium decay chains and

a few other natural and anthropogenic isotopes) has an end point more on the order of

3{5 MeV. The 8B � 
ux is also much greater than that of hep neutrinos.

It is unfortunate that, to date, no direct measurement of the vast majority of solar neutrinos|

pp neutrinos{is possible. Still, as detectors with lower radioactive backgrounds and energy

thresholds come into operation, we are nearing that goal. The Borexino experiment, de-

scribed in Chapters 2{3, will be among the �rst detectors capable of making real-time

observations of the7Be neutrino, which makes up about� 10% of the total solar neutrino


ux. It is even conceivable that under some circumstances, the Borexino experiment could

measure the tail end of thepp neutrino signal [12].

1.3.2 The CNO cycle

The temperature and pressure at the core of the Sun are not su�ciently high to fuse

helium nuclei into carbon. The Coulomb energy barrier is toogreat. Nevertheless, the Sun

contains a non-negligible fraction of carbon and other \heavy" elements as a result of being

a Population I (second-generation) star. The solar system was formed from gas and dust

clouds enriched in heavy elements that were distributed by long-ago supernovae.
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Protons may be fused together into helium nuclei using theseheavier elements as catalysts.

This process is termed the CNO cycle. In stars slightly larger than the Sun, it is the domi-

nant mode of fusion. The rate of CNO-cycle processes is strongly temperature-dependent,

so the exact 
ux of neutrinos produced by it is quite uncertain, on the order of 30%.

In brief, the CNO cycle consists of the following six reactions. We begin with a nucleus of

14N, but that is of course an arbitrary starting point, as it is r egenerated in the cycle.

14N + p ! 15O + 
 (1.40)

15O ! 15N + e+ + � e (1.41)

15N + p ! 12C + 4He (1.42)

12C + p ! 13N + 
 (1.43)

13N ! 13C + e+ + � e (1.44)

13C + p ! 14N + 
 (1.45)

In the course of one cycle, four protons are converted to a helium nucleus, and two neutrinos

are produced. These neutrinos are called the13N and 15O neutrinos since they result from

the � + decay of those isotopes. They have respective end points of 1.20 and 1.73 MeV.

Reactions (1.42{1.45) may be replaced by an alternative setof reactions to �nish the cycle:

15N + p ! 16O + 
 (1.46)

16O + p ! 17F + 
 (1.47)

17F ! 17O + e+ + � e (1.48)

17O + p ! 14N + 4He (1.49)

In this case, instead of the13N neutrino, a 17F neutrino is emitted. This alternate cycle

happens less frequently, and the17F neutrino 
ux is much lower than that of the 13N and

15O neutrinos.
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1.4 Remaining questions

The reader will have noticed that some seemingly important facts have been left out of

the preceding introduction to neutrino physics. Now that we know, fairly accurately, the

splittings � m2 between the three neutrino mass eigenstates, what are the actual values of

the masses? Why is the neutrino mass so much less than that of any other fundamental

particle? Why does it have mass at all? Can a neutrino oscillate into �� as well? Do

neutrinos interact by any mechanism other than the weak interaction? These are some of

the questions that still must be answered at the beginning ofthe 21st century. Nor does

our lack of understanding of these fundamental issues obviate the need to measure more

precisely the semi-known neutrino parameters|particularl y the question of the size of the

mixing angle � 13, which must be non-zero for CP-violating e�ects to be possible.

1.4.1 Absolute values and origin of neutrino masses

Experimental limits

One way to determine the actual value of the neutrino mass is to observe� decay spectra,

looking for a distortion from the expected shape at the high-energy end point (Figure 1.6).

Several experiments have done so using tritium, the lightest � -decaying isotope, where the

e�ect would be most pronounced. Since thej �� ei produced in the decay is a superposition

of mass eigenstates, what is actually being measured is the quantity m� , de�ned by

m2
� =

X

i

�m2
i jh�� ej �� i ij 2 =

X

i

m2
i jUei j2 (1.50)

(the last equality assumes, as is typically done, that the matter and antimatter masses and

mixing angles are identical). Among the best such limits so far is that given by the Mainz

experiment, m� c2 < 2:3 eV (95% CL) [14]. The KATRIN experiment, a next-generation

tritium decay experiment, should be able to set limits at 200meV (90% CL) or measure

a 350 meV neutrino mass at 5� [13]. Much weaker analogous limits have been determined
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Figure 1.6: Schematic of the� -decay spectrum of tritium near its endpoint. The spectral
distortion is shown (lower, blue curve) in the hypothetical case of an electron antineutrino
with m� c2 = 1 eV. The theoretical prediction for a zero-mass neutrino is the upper, red
curve. Note that the derivative of the upper curve goes to zero at the end point, but that
of the lower becomes vertical. If the neutrino mass were zero, only a fraction 2 � 10� 13 of
all tritium decays would give the electron a kinetic energy within the shaded region. Figure
taken from reference [13].

for the expectation masses of� � (< 170 keV=c2, 90% CL [15]) and� � (< 18:2 MeV=c2, 95%

CL [16]). A lower bound for m� may be estimated from solar and reactor neutrino oscillation

data: we know that m2
2 � � m2

12, giving m� c2 �
p

� m2
12 jUe2jc2 �

p
� m2

12 j sin � 12jc2 �

5 meV. To reach this lower bound will require an experiment with a sensitivity 40 times

better than that of KATRIN.

The neutrino mass may also be estimated from cosmological considerations. Statistical me-

chanics tells us [17] that the temperature of neutrinos leftover from Big Bang nucleosyn-

thesis (BBN) is about 70% that of the cosmic microwave background radiation, TCMB =

2:728 K. This implies that those neutrinos now have energyE � = 0 :7kB TCMB � 0:2 meV.

Since the intermediate neutrino mass eigenstate is at least
p

� m2
12c2 � 9 meV, for BBN

neutrinos at least two of the three eigenstates are currently non-relativistic. The sum of the

three eigenstate masses �� m1+ m2+ m3 is therefore related to the Hubble constant by the



Chapter 1. Introducing the Neutrino 39

equation 
 � h2 = � c2=(93:2 eV), with h the Hubble constant in units of 100 km s� 1 Mpc� 1.

(
 � is the neutrino contribution to the curvature of space.) The Hubble constant is fairly

tightly �xed at h = 0 :72� 0:08 from Hubble Space Telescope data [18].

If we assume that the universe is 
at (
 tot = 1), as all evidence suggests, then varying 
� has

two e�ects. First, it necessarily increases or decreases all other contributions to curvature.

Second, if � c2 is greater than about 1 eV, at least the heaviest of the three neutrino mass

eigenstates would have become non-relativistic even beforethe time that the falling average

density of the universe caused neutrinos to \decouple" from(cease to interact signi�cantly

with) other matter. These two considerations mean that a signi�cant neutrino mass would

have had a measurable e�ect on large-scale cluster formationin the early universe, and

could have been detected by experiments such as WMAP [19]. A discussion of these e�ects

may be found in, for instance, [20].

No such cosmological signature of neutrino mass has been found. A global re-analysis of

cosmological data performed in reference [21], for instance, gives an upper limit of � c2 <

470 meV (2� ). Of course, a lower bound on � is given from atmospheric neutrino oscillation

data by � c2 �
p

j� m2
23j c2 � 50 meV. Additional constraints brought about by considering

Big Bang nucleosynthesis, as well as the probability for theZ 0 boson to decay into \invisible"

(i. e., neutrino/antineutrino) channels, imply that the number o f interacting neutrinos with

m < m Z =2 (about 45 GeV=c2) is only three, the 
avors we have observed.

The mass hierarchy problem

Though we know the values � m2
12 and j� m2

23j (and that j� m2
23j � � m2

12), we do not

know the sign of the larger quantity. This means that there are two possible orderings

for the neutrino masses: m3 > m 2 > m 1, the so-called normal or natural hierarchy, and

m2 > m 1 > m 3, the inverted hierarchy (Figure 1.7). It would be surprising if in fact

the inverted hierarchy was the ordering found in nature. The known mass hierarchies
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Figure 1.7: The two possible mass hierarchies with three neutrinos. The 
avor compositions
of each mass eigenstate were computed with current best values for the mixing angles.
Figure taken from reference [22].

for the two sets (+ 2=3; � 1=3) of quarks and for the charged leptons (Table 1.1) each have

a lightest particle, a somewhat heavier intermediate particle, and a much heavier third

particle. The inverted hierarchy instead has a lightest neutrino, and two much heavier

neutrinos of approximately equal mass. On the other hand, weobserve that, unlike the

case of the nearly-diagonal CKM weak mixing matrix in the quark sector, the MNS mixing

matrix has some o�-diagonal terms that are at the same order ofmagnitude as those on the

diagonal. To presume that the quark mass hierarchy applies equally in the neutrino sector

might therefore be an invalid assumption.

It is also possible that the neutrino masses are nearly identical, a conclusion that would

follow logically if they were found to be su�ciently large. I f we suppose that the largest

mass is given by about the upper limit (500 meV) of cosmological observations, the scale of

absolute mass di�erences is then onlyj� m2
23j � 2m3jm3 � m2j, implying jm3 � m2jc2 is only

� 2:5 meV, or 0.5% of the actual mass. Clearly much better limits on the neutrino masses,
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from more accurate cosmological data or much better tritium decay shape measurements,

are required to exclude this possibility.

If the inverted hierarchy prevails, then m� c2 � m1;2 c2 �
p

j� m2
23j c2 � 50 meV. Hence

a tritium decay experiment about four times more sensitive than KATRIN could, by be-

ing unable to detect a non-zero value ofm� , refute the inverted mass hierarchy at a 90%

con�dence level. However, a con�rmed measurement ofm� c2 > 50 meV, while provid-

ing a highly signi�cant and perhaps Nobel-prize-winning estimate for m1, would leave the

hierarchy question open.

Dirac and Majorana masses

The Standard Model, as mentioned before, does not provide for neutrino mass in its La-

grangian. In analogy with the mass terms for the other fermions, one might consider

introducing the term

�L D = 1=2 mD (�� L � R + �� R � L ) (1.51)

where mD is a constant, the Dirac mass. However, the presence of this term would at �rst

seem to violate Occam's Razor by postulating an undetectable particle � R .

Particles may be considered either left-handed or right-handed depending on their helicity,

a quantum number given by

h =
s � p
jpj

: (1.52)

The Standard Model treats fermions di�erently according to the sign of this quantum num-

ber. Left-handed particles exist in weak doublets, for instance (e�
L ; � eL ); weak interactions

may mediate at Feynman diagram vertices between them. Right-handed particles are sin-

glets, and do not interact via the weak force. (The roles of L and R are reversed for

antiparticles.) Thus, in the Standard Model assumption of massless neutrinos, processes

such as� -decay must be maximally parity-violating: the neutrino is al ways emitted with
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left-handed chirality in � + decay (likewise, in � � decay, the antineutrino is emitted with

right-handed chirality).

With the assumption of massless neutrinos, there is no di�culty because, as they travel

at the speed of light, it is impossible for them to reverse spin and become right-handed.

Neutrinos interact only via the weak force, so even if right-handed neutrinos existed, they

could not be detected in any way (except, in principle, through their cumulative gravita-

tional force). This type of neutrino is termed sterile. When neutrinos have mass, however,

they may convert between left- and right-handed states routinely. Though this is an odd

side-e�ect (we should now expect to see neutrino oscillations into invisible states as well

as between 
avors), adding a Dirac term for neutrinos to the Standard Model Lagrangian

might be an acceptable way to allow for neutrino mass. However, the Dirac term leaves

unanswered the question of why neutrino masses are so many orders of magnitude smaller

than those of any other fundamental particle.

A popular hypothesis that solves this problem is the see-saw mechanism, so named because

it creates the observed neutrino masses by balancing a Diracmass similar to that of the

charged leptons with extremely heavy and extremely small \Majorana masses." Neutrinos

may in principle be governed by a Majorana term in the Lagrangian,

�L M = 1=2 mM
R

�
(� R )c � R + h :c:

�
+ 1=2 mM

L

�
(� L )c � L + h :c:

�
; (1.53)

wheremM
L;R are Majorana masses, not necessarily identical. Unlike theDirac term, this term

does not conserve lepton numberL ! Such a term is therefore only available to chargeless

fermions (i. e., neutrinos) since, if applicable to quarks or the electron family of leptons,

it would additionally violate conservation of electric charge. Though neutrino oscillation

clearly violates conservation of the individual lepton numbersL e;�;� , breaking lepton number

conservation completely is a bit much to swallow. Nevertheless, the see-saw mechanism

requires it.
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The mechanism supposes that both Dirac and Majorana terms are present for neutrinos,

and are mixed as follows:

�L mass = 1=2

�
�� L (� R )c

�
0

@
mM

L mD

mD mM
R

1

A

0

@
(� L )c

� R

1

A + h :c: (1.54)

In the most general case, each neutrino family will have a separate term of this nature,

possibly with di�erent values for the mM
L;R and mD . (As a side e�ect, the MNS mixing

matrix will contain an additional factor beyond those shown in Equation (1.3), a factor

multiplying the value shown for UMNS on the right by diag(1; ei� 2 ; ei� 3 ); the � i 's are CP-

violation-inducing Majorana phases.)

For speci�city, consider the m1 neutrino mass state. WhenmM
R � mD and mM

L � m2
D =mM

R ,

the two eigenvalues of the above mass matrix are approximately mM
R and m2

D =mM
R . Sup-

posing that mD � me, making the neutrino Dirac mass comparable to that of the charged

leptons, we can letmM
R be large enough to ensurem1 � m2

D =mM
R . Then the two eigenstates

of the mass matrix become approximately equal toj� L i (light) and j� R i (heavy). This

would then explain why we only observe left-handed neutrinos; the probability to �nd a

light right-handed neutrino is extremely small! The heavier particles, known as theN i , may

have masses up to the GUT scale. CP violation in their decay may conceivably have re-

sulted in the current observed baryon asymmetry [23], the fact that antimatter is extremely

rare in the universe today.

Mass-varying neutrinos

Recent observations have indicated that the relative densities of cold dark matter and dark

energy in the universe are similar; in particular, 
 CDM =
 � � 1=3. However, the ratio is

changed as a function of the cosmic scale factor (the ratio between current and past co-

moving distances as the universe expands) as 1=a3. This coincidence seems rather too

convenient for many physicists' taste.
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One possible, though slightly outr�e, explanation is that t he mass of a neutrino is itself a

variable quantity in
uenced by the local number density of neutrinos [24, 25]. The hypoth-

esis of mass-varying neutrinos (MaVaNs) is modeled by their interaction with a �eld of

\accelerons," so named because this supposition causes neutrinos to behave essentially as

dark energy, accelerating the expansion of the universe. Constraints on naturalness of the

model indicate that sterile neutrinos, a consequence of themodel, have a mass on the order

of 1 eV. This prediction could be tested by the MiniBooNE experiment; it has been sug-

gested that it would also explain the puzzling LSND results [26] (see below). If con�rmed,

this model would have important implications for both cosmology and particle physics.

1.4.2 Sterile neutrinos and LSND

Though Big Bang nucleosynthesis puts a tight restriction on the number of light weakly

interacting neutrinos, essentially constraining it to equal three if non-integer values are

disallowed, it can say little about sterile neutrinos. Hypotheses such as the MaVaN model

even question its ability to do this much. Sterile neutrino models are known as \3+n," n

being the number of sterile neutrino 
avors.

Fans of sterile neutrinos are therefore heartened by the result of the LSND experiment.

LSND was an experiment performed from 1993{1998 with accelerator � -antineutrinos up

to 53 MeV; it attempted to detect the generation of electron antineutrinos in a baseline of

only 30 m. The observed results suggested a neutrino oscillation caused by a squared mass

di�erence � m2
LSND c4 > 0:2 eV2 [27]. A simple look at Figure 1.7 makes it clear that one

cannot have a value of � m2 so di�erent from the known values of � m2
12 and j� m2

23j without

a fourth neutrino having a still di�erent mass. As only three 
avors of charged leptons are

known, this fourth neutrino would have to be sterile. Oscillations from other 
avors into it

would look like the complete disappearance of the neutrino.
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However, other analyses have indicated that both possible types of four-neutrino mass

hierarchies (2+2, with two pairs of similar masses; and 3+1, the situation of Figure 1.7

plus an additional mass eigenstate even more isolated than� 3) exhibit very poor goodness-

of-�t parameters [28]. The status of the LSND result is therefore quite puzzling. Some

have suggested an indication of CPT violation [29], which would permit the probabilities of

neutrino and antineutrino oscillation to di�er. Others hav e proposed a 3+2 sterile neutrino

model. Many of these questions could be resolved, or at leastthe peculiar observations

con�rmed, when the MiniBooNE experiment [30], an attempt to replicate the LSND result

at a similar L=E ratio with much higher statistics, makes its experimental results public

this year. A con�rmation of the LSND observations would be an excellent indicator for new

physics.

1.4.3 Neutrinoless double beta decay

If (as expected from the see-saw mechanism) the neutrino is a Majorana particle, then it

can act as its own antiparticle. This hypothesis is testable: in particular, it would make

the phenomenon of neutrinoless double� decay possible.

\Normal" double � decay (2� 2� ) is a process in which two electrons and two antineutrinos

are emitted from a nucleus at once, that is,

A
Z X ! A

Z +2 Y + 2e� + 2�� e: (1.55)

There exist radioactive isotopes for which this process is energetically favorable, but a single

� -decay is not; that is, the Q-value of the reactionA
Z X ! A

Z +1 Y 0+ e� + �� e is negative. Hence

all four particles must be emitted within a time-frame short enough that the intermediate

o�-mass-shell state is permissible. Because satisfying thisconstraint is di�cult, the half-

lives of these isotopes are very long. For instance, that of82Se (! 82Kr +2 � � + 2�� e) is

9:6 � 1019 yr [31]. Many isotopes that could be candidates for a double� decay (86Kr, for

example) are, however, observed to the best of our abilitiesto be stable.
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Figure 1.8: Neutrinoless double� decay. A nucleus emits two virtual W � bosons. The �rst
decays into an electron and an electron antineutrino; the antineutrino interacts with the
second boson to produce an electron. This diagram cannot exist unless (anti)neutrinos are
their own antiparticles, i. e., are Majorana particles, and total lepton number is violated.

Neutrinoless double� decay (0� 2� ) is a hypothetical process very similar in nature. Indeed,

just as in normal 2� 2� decays, a nucleus emits two virtualW � bosons. The crucial di�erence

is that in 0 � 2� decay (Figure 1.8), the antineutrino produced by the �rst boson interacts

with the second to produce an electron. This reaction is not possible in the Standard Model

since W � + �� e ! e� violates conservation of total lepton number. It may only occur if

neutrinos are in fact Majorana particles and may act as theirown antiparticles.

As with single-electron � decay, 2� 2� decay exhibits a continuous electron kinetic energy

spectrum because much of the kinetic energy produced is carried away by antineutrinos,

becoming basically invisible. However, in the case of 0� 2� decay, the total kinetic energy

of the two electrons would be nearly monoenergetic (the recoil imparted to the daughter

nucleus being negligible). Therefore, the signature of a 0� 2� decay event would be a peak

in the observed energy spectrum at the Q-value of the decay. The 2� 2� continuous electron

spectrum, on the other hand, extends from zero energy up to essentially the Q-value.

In a 0� 2� experiment, the continuous spectrum is unimportant. The relevant quantity is

m�� , the averaged value

m�� =

�
�
�
�
�

X

i

jUei j2ei� i mi

�
�
�
�
�
: (1.56)

(The � i 's are the same Majorana phases as those mentioned previously in connection with
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Figure 1.9: The Heidelberg-Moscow claim for observation of neutrinoless double� decay of
76Ge. At left, the region where the 0� 2� peak should appear given the calculated Q-value
of 2.039 MeV. (The claimed peak is a bit right of center.) Other peaks are due to
 rays
emitted in the radioactive decay of 214Bi. At right, the full energy spectrum, with a �t
(solid red line) to the theoretical 2� 2� continuous spectrum. Only events that matched
a �lter on pulse shape are shown in the spectra. Other experiments have been unable to
reproduce this result. Figure taken from reference [32].

the see-saw mechanism; without loss of generality we may set� 1 = 0.) The quantity m��

may be determined because the partial half-life of the 0� 2� decay is inversely proportional

to the e�ective neutrino mass squared:

� 0�
1=2 =

�
G0� jM 0� j2m2

��

� � 1
; (1.57)

where G0� is an accurately determined phase space factor, andjM 0� j2 is an (in principle)

independently observable nuclear matrix element. In more practical terms, m�� is propor-

tional (through a more-or-less known proportionality constant) to the square root of the

number of events observed in the 0� 2� energy spectrum peak (if observed) of a laboratory

experiment. Hence, non-observation of a peak implies an upper limit on m�� .

Clearly it is very important for a 0 � 2� experiment to have very high energy resolution, in

order for the 2� 2� continuum not to overwhelm the desired peak, and also so thatother

signals in the same energy range (mainly from
 rays produced in the decay of uranium and

thorium chain isotopes) do not overlap. Generally, therefore, only calorimetric detectors are
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feasible. In total about nine di�erent isotopes have been observed by various experiments

in attempts to detect 0� 2� decay [31].

So far only one experiment, the Heidelberg-Moscow enriched Ge experiment, has claimed a

positive result for observation of 0� 2� decay. They give an estimate ofm�� c2 = 440+140
� 200 meV

(the errors are given as 3� values) [32]. This result is at the moment still hotly disputed in

the physics community, particularly as it seems to be incompatible at > 2� with other limits

on neutrino masses [21]. The best upper limit from any other experiment for m�� c2 is 0.2{

1 eV [31]; the range is due to large uncertainties in the required nuclear matrix elements. A

next generation of 0� 2� experiments will have sensitivities in the range� 80 meV, even tak-

ing the nuclear matrix element uncertainties into account, and will be able to conclusively

con�rm or refute the Heidelberg-Moscow result.

As with measurements of the single� -decay neutrino massm� , a su�ciently small upper

limit on m�� would (under the assumption that neutrinos are in fact Majorana particles)

rule out the inverted mass hierarchy. However, the requiredlimit on m�� is smaller than

that of m� . Since such a disproof would additionally be conditional ondemonstrating the

Majorana nature of the neutrino, it is likely that tritium de cay experiments will be the �rst

to conclusively refute (if it in fact does not occur in nature) the inverted mass hierarchy.

1.4.4 New physics accessible to a low-energy solar neutrino detector

None of the issues discussed above are really amenable to investigation by solar neutrino

detectors, which have sensitivities in the energy region ofabout 0.25{10 MeV. Still, a low-

energy solar neutrino detector could nevertheless exploreunexpected physics. Observations

that suggest variations in the neutrino 
ux [33] consistent with the solar rotation period

of 28 days and the solar cycle of 11 yr might be explained by subdominant new physical

processes such as resonant-spin-
avor-precession (RSFP). This process would require neu-

trinos to have a magnetic moment, giving them some probability to be \
ipped" into a
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Figure 1.10: Expected shape of the vacuum-matter transitioncurve (the survival probability
of � e as a function of energy) for the standard LMA model \LMA-I" (hi gher, blue curves)
and a model including non-standard interactions, LMA-0 (lower, violet curves). Solid lines
represent the predicted survival probability functions for neutrinos produced in the Sun
with a radial distribution following that of 8B neutrinos, and dashed lines are for neutrinos
produced following the pepneutrino radial distribution function. (These radial dist ribution
functions are shown in Figure 1.5.) Note the striking di�erences in the predicted survival
probabilities at the pepand 7Be neutrino energies.

di�erent 
avor, into an antineutrino, or even into a sterile right-handed state, by the Sun's

magnetic �eld [34]. Any hypothetical discovery of a day-night asymmetry in low-energy

solar neutrinos, or of a seasonal variation in the neutrino 
ux beyond that expected from

the shape of Earth's orbit, would imply neutrino oscillatio n wavelengths that can be ex-

plained by neither vacuum nor standard MSW oscillations. The most interesting, as-yet

unexplored, and potentially easy-to-detect possibility, though, may be that neutrinos have

non-standard interactions (NSIs) not permitted within the s cope of the Standard Model.

NSIs, in their most general form, connect four fermions or antifermions involved in a re-

action, of which at least two are (anti)neutrinos. An NSI may be either 
avor-conserving

or 
avor-changing. For instance, an electron neutrino could scatter from a u quark and in
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the process be converted to a mixture of 
avor eigenstates. As a result, instead of having

a single non-zero entry, the matrix in Equation (1.14) may be completely �lled:

H = UMNS H0Uy
MNS + kNC I + kCC

0

B
B
B
@

1 + � ee � �
e� � �

e�

� e� � �� � �
��

� e� � �� � � �

1

C
C
C
A

(1.58)

The various dimensionless� 's describe the probability for an NSI to occur relative to the

charged-current interaction strength kCC �
p

2GF ne. The de�nitions of the � 's encompass

all NSI e�ects in normal matter, both with electrons and with u and d quarks. Thus in

general they are functions of chemical and isotopic compositions.

It should be clear from the discussion of Section 1.2.2 that the e�ect of these NSIs will

go to zero in vacuum, and that in matter they will cause mixing between energy and


avor eigenstates which increases asne increases, similar to the standard MSW e�ect. The

energy eigenvalues will be di�erent than those caused by thestandard MSW e�ect, as will

the mixing angles. Since in principle all three neutrino 
avors may mix in NSIs, the mixing

matrix may also be forced to include a complex phase multiplying a non-negligible term.

What at �rst seems like a slight complication to the normal MS W e�ect could have real

observable consequences. One region of values for the� parameters, with magnitudes for

the parameters no greater than 0.25, was found to permit an alternative solution to the

observed solar neutrino and KamLAND data in the (� m2
12; � 12) parameter space. Specif-

ically, � m2
12c4 = 1 :5 � 10� 5 eV2, while tan � 12 = 0 :39 [35], a solution dubbed \LMA-0."

(Compare to the accepted standard LMA values of 8:0 � 10� 5 eV2 and 0.45 [4].) With

these parameters (and the assumed values for the� coe�cients), the shape of the solar elec-

tron neutrino survival probability as a function of E � |in particular, at the vacuum-matter

transition energy|becomes quite di�erent (Figure 1.10). I t will be possible for a sub-MeV

solar neutrino detector having the capability to observe scattering event energies to probe

the shape of this curve at crucial points by studying the monoenergetic 862-keV7Be and

1.44-MeV pepneutrinos. In so doing, we may very well get a glimpse of new physics!


